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ABSTRACT Fluorescence correlation spectroscopywith total internal reﬂection excitation (TIR-FCS) is a promisingmethodwith
emerging biological applications formeasuring binding dynamics of ﬂuorescentmolecules to a planar substrate aswell as diffusion
coefﬁcients and concentrations at the interface. Models for correlation functions proposed so far are rather approximate for most
conditions, since they neglect lateral diffusion of ﬂuorophores. Here we propose accurate extensions of previously published
models for axial correlation functions taking into account lateral diffusion through detection proﬁles realized in typical experiments.
In addition, we consider the effects of surface-generated emission in objective-based TIR-FCS. The expressions for correlation
functions presented here will facilitate quantitative and accurate measurements with TIR-FCS.
INTRODUCTION
A multitude of processes, ranging from controlled transfer
of ions to immune response, are regulated at the level of the
plasma membrane. The understanding of their molecular
basis is among the main goals of modern biological research.
Of particular interest are the concentrations and diffusion
modes ofmembrane proteins and the interaction ofmembrane
bound receptors with free ligands which can be studied using
fluorescence correlation spectroscopy with total internal re-
flection excitation (TIR-FCS). Here the evanescent wave of
a totally reflected laser beam is used to excite fluorophores
selectively at the interface between solution and a planar sub-
strate. The thin detection volume features an excellent surface
selectivity which allows for high concentrations of fluo-
rophores in solution and efficiently rejects a cytoplasmic
background when measuring in cellular membranes. Intro-
duced in the early 80s (1,2) it has recently been applied to
study diffusion in solution (3,4), diffusion in model and cell
membranes (5) and association/dissociation dynamics with
membranes (6,7) or surfaces (8).
Significant theoretical work has been devoted to deriving
models for TIR-FCS correlation functions which incorporate
binding dynamics (2), even in presence of nonfluorescent
competitors (9), and axial diffusion through the evanescent
field (10). Those models are essentially one-dimensional,
since they neglect the lateral diffusion through the detection
volume. For free solution diffusion and pure membrane dif-
fusion, a rather approximate lateral diffusion model has been
used (4,5). As will be shown in this article, lateral diffusion
significantly influences the correlation curves for most ex-
perimental conditions and has to be accurately taken into
account for quantitative TIR-FCS. In objective-based TIR-
FCS, surface-generated emission, collected by the high nu-
merical aperture objective, leads to an additional confinement
of the axial detection profile and affects the shape of the cor-
relation curves.
An accurate model for TIR-FCS correlation functions is
needed, since an inadequate model can lead to inexact or even
completely wrong parameter estimates when applied to the
analysis of experimental data, especially when complexmodels
with several free-fitting parameters are used (i.e., combined
diffusion and binding kinetics). Besides, in TIR-FCS most of
the parameters determining the detection volume are acces-
sible to the experimenter. An accurate model therefore di-
minishes the need of calibrationmeasurements and eliminates
additional free fit parameters describing the detection volume.
In this work, we derive an accurate extension of previously
published one-dimensional axial correlation functions which
allows one to take into account lateral diffusion through de-
tection profiles realized in typical experiments. In addition,
we show how to take into account surface-generated fluo-
rescence in objective-based TIR-FCS. To get a better over-
view about the results presented in this article, Fig. 1 shows a
summary. The correlation functions derived here should ac-
curately describe TIR-FCS results under most experimental
conditions and thus comprise the basis for accurate and
quantitative interpretation of TIR-FCS measurements.
Principle of TIR-FCS
When light passes through a dielectric with a high refractive
index n2 (e.g., glass) into a dielectric with a lower refractive
index n1 (e.g., water), it is refracted toward the interface. If
the incidence angle is larger than the critical angle uc¼ arcsin
(n1/n2), all light is reflected, and total internal reflection oc-
curs. Although no light propagates through the interface,
there is an exponentially decaying electromagnetic field
above the interface, the so-called evanescent wave with the
intensity profile:
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WðzÞ ¼ exp z
d
 
¼ expðkzÞ: (1)
The decay length d ¼ l
4p n
2
2sin
2u n21
 1=2
depends on the
vacuum wavelength l, the refractive indices and, most im-
portantly, the angle of incidence u, and can be 100 nm.
Since only fluorophores in the evanescent field are excited, an
excellent surface selectivity is achieved.
There are two different approaches for the practical reali-
zation of a TIR-FCS setup: a prism- and an objective-based
setup (11). In the first case, a prism is used to generate high-
enough incidence angles and fluorescence is collected by a
microscope objective opposite to the prism (Fig. 2 a) (2). In
the second case, the laser is focused through the periphery of
a high numerical aperture objective, which is directly coupled
to the surface of interest, to generate internal reflection.
Emission is collected with the same objective (Fig. 2 b) (4).
The advantages of the prism-based setup are the versatility
of the optical alignment and a lower background signal,
objective-based TIRF features sample-top accessibility,
higher collection efficiency and commercial availability (11).
In general, the lateral extension of the TIR-excitation pro-
file is rather large (several mm). To obtain a detection volume
small enough for FCS, a pinhole in the image plane is used
for lateral confinement (11). For diffusion measurements in
membranes, a tight lateral confinement is especially impor-
tant to obtain reasonable diffusion times (5). The drawback of
this approach is significant bleaching outside the detection
volume. Many fluorophores will get bleached in the large
excitation spot before they can enter the detection area.
Therefore, it can be a serious limitation in the study of
membrane diffusion. On the other hand, TIR-FCS is well
FIGURE 1 Overview: Correlation functions for
TIR-FCS discussed in this article. For details and
notation, see text.
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suited to study binding kinetics (6,7): Since most fluo-
rophores are replenished via binding/unbinding rather than
via membrane diffusion, out of focus photo bleaching is less
of a problem.
What parameters are accessible with TIR-FCS? For free
fluorophores in solution or surface-bound fluorophores,
mainly the diffusion coefficient DA or DC and the concen-
tration A or C, respectively, are of interest. But in general,
there is an exchange between free and surface-bound fluo-
rophores. For instance, a labeled ligand in solution can bind
reversibly to a membrane-bound receptor. There are several
parameters governing this situation (10) (Fig. 2 c): The sur-
face association and dissociation rate constants ka and kd, the
ligand concentration in solution A and the total receptor
concentration on the membrane S and the diffusion coeffi-
cients DA and DC. From these parameters, additional pa-
rameters can be derived: The equilibrium constant describing
surface binding K ¼ ka/kd ¼ S/AB, the fraction of unbound
receptors b ¼ (1 1 KA), the concentration of free receptors
B ¼ bS and the concentration of receptor-ligand complexes
C ¼ bKAS.
Correlation functions in FCS
The normalized autocorrelation curve in FCS for a stationary
system is defined as
GðtÞ ¼ ÆdFðtÞ dFðt1 tÞæ
ÆFðtÞæ2 ¼ gðtÞ=ÆFæ
2
; (2)
where Æf ðtÞæ ¼ 1
T
R T
0
f ðtÞdt denotes the time average over t
with the measurement time T; dF(t) ¼ F(t) – ÆF(t)æ. The
nonnormalized correlation curve is g(t) ¼ ÆdF(t)dF(t 1 t)æ.
(Note that a widely used alternative definition of the auto-
correlation curve is G˜ðtÞ ¼ ðÆFðtÞFðt1tÞæ=ÆFðtÞæ2Þ ¼
GðtÞ11; which decays to 1 instead of 0 for large lagtimes.)
The fluorescence signal for n species (e.g., free fluorophores
and membrane-bound fluorophores) can be calculated from
themolecule detection functionV(r), themolecular brightness
of each species hi determined by quantum yields, absorption
cross sections, detection efficiencies and excitation intensity,
and the time- and position-dependent concentrations Ci(r, t):
FðtÞ ¼ +
n
i¼1
Z
d3rhiVðrÞCiðr; tÞ: (3)
Equation 2 can be evaluated with Eq. 3 to calculate the
nonnormalized correlation function,
gðtÞ ¼ +
n
i¼1
+
n
j¼1
gijðtÞ; (4)
with
gijðtÞ ¼ hihk
Z Z
d
3rd3r9VðrÞfijðr; r9; tÞVðr9Þ (5)
and the concentration correlation functions
fijðr; r9; tÞ ¼ ÆdCiðr; 0Þ dCjðr9; tÞæ: (6)
To further calculate the correlation functions,V(r) and thefij
have to be specified.
Axial correlation functions for TIR-FCS
Considerable work has been devoted to finding TIR-corre-
lation functions taking into account solution diffusion,
binding dynamics (10), and the presence of nonfluorescent
competitors (9), albeit only considering the motion along the
axial dimension (z axis in Fig. 2). These correlation functions
we call axial correlation functions. Here we use the frame-
work and notation presented in Starr and Thompson (10) to
develop extensions to incorporate lateral diffusion and sur-
face-generated fluorescence. More refined one-dimensional
TIR-models can be extended in the same way to include
lateral diffusion and surface-generated fluorescence.
FIGURE 2 (a) Principle of prism-based TIR-
FCS. Total internal reflection in the prism gen-
erates the evanescent field at the prism/solution
interface. Emission is collected with an objec-
tive on the opposite side, spectrally filtered and
detected with a single photon detector. A pin-
hole in the image plane is used for the lat-
eral confinement of the detection volume. (b)
Objective-based TIR-FCS. The laser is focused
onto the periphery of the back focal plane of a
high NA objective. Total internal reflection at
the interface between cover slide and solution
occurs. Emission is collected with the same
objective. Also here a pinhole is needed for
lateral confinement. (c) Parameters accessible
with TIR-FCS: The concentration of free fluo-
rophores A, of bound fluorophores C and of free
attachment sites B, the association and dissoci-
ation constants ka and kd, the solution diffusion
coefficient DA and the diffusion coefficient for
membrane-bound fluorophores DC.
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The axial correlation function in TIR-FCS describing
binding dynamics has contributions from free fluorophores in
solution, surface-bound fluorophores, and from the cross-
correlation between free and surface-bound fluorophores
(10):
gzðtÞ ¼ gAA; zðtÞ1 2gAC; zðtÞ1 gCC; zðtÞ: (7)
The rather lengthy expressions for gAA,z(t), gAC,z(t), and
gCC,z(t) as well as details about the derivation are given in the
Appendix.
Three-dimensional correlation functions
for TIR-FCS
The axial correlation functions for TIR-FCS derived in the
literature (9,10) and Eq. 7 take into account in detail the
binding dynamics but neglect lateral diffusion. As will be
shown later, lateral diffusion significantly influences the
correlation curves for virtually all experimental conditions. In
the following sections wewill show how to incorporate lateral
diffusion in TIR-FCS. We discuss the case of free diffusion
for which an analytical solution exists, derive lateral corre-
lation functions for several lateral detection profiles relevant
for TIR-FCS and finally present semiempirical, but quite ac-
curate three-dimensional correlation functions for TIR-FCS
which include binding dynamics. A nonplanar membrane
topology and/or undulatory dynamics, which can lead to ad-
ditional difficulties in the interpretation of FCS correlation
curves, are not discussed in this work.
Diffusion without binding
For three-dimensional diffusion in solution in the upper
half-space (z. 0) bounded at z ¼ 0 by a reflective boundary
with the diffusion coefficient D and the mean concentration
A, the concentration correlation function factorizes into its
axial and lateral part. Here we neglect a dependence of the
diffusion coefficients on the distance to the surface (12,13),
which is only important for relatively large fluorescent par-
ticles (14). The concentration correlation function for free
diffusion is
fAAðr; r9; z; z9; tÞ ¼ hAAfAA;xyðr; r9; tÞfAA;zðz; z9; tÞ; (8)
fAA;xyðr; r9; tÞ ¼
1
4Dpt
exp ðr r9Þ
2
4Dt
 
; (9)
fAA;zðz; z9; tÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dpt
p exp ðz z9Þ
2
4Dt
 
1 exp ðz1 z9Þ
2
4Dt
 
: (10)
For TIR-FCS the molecule detection function V(x, y, z) can
be written as the product of the lateral detection profile L(x, y)
and the axial profile W(z):
Vðx; y; zÞ ¼ Lðx; yÞWðzÞ: (11)
Since both the concentration correlation function and the
molecule detection function factorize into a lateral and an
axial part, so do the correlation functions:
gðtÞ ¼ hAAgxyðtÞgzðtÞ: (12)
For the exponential TIR-excitation profile W(z) ¼ exp(kz)
the axial correlation function is the well-known TIR-FCS
correlation function which can be calculated with Eq. 10 in
Eq. 5,
gzðtÞ ¼
ﬃﬃﬃﬃﬃﬃ
Dt
p
r
 2Dtk
2  1
2k
wði
ﬃﬃﬃﬃﬃﬃ
Dt
p
kÞ; (13)
with
wðijÞ ¼ ej2erfcðjÞ: (14)
The lateral correlation function gxy(t) depends on the shape
of lateral detection profile L(x, y). Several profiles relevant for
TIR-FCS (Fig. 3 a) will be discussed in the following section.
FIGURE 3 (a) Typical lateral profiles. Square pinhole of size a¼ 2 mm, numerical aperture of the objective: NA¼ 1.2 (—). Gaussian approximation with a
waist of w0¼ 1.19 mmwhich results in the same effective detection area (– – –). Flat profile neglecting lateral diffusion (–  –). (b) Lateral correlation functions
for a square pinhole with a¼ 2 mm (—), a circular pinhole with R¼ 1.11 mm (–  –), and a Gaussian profile with w0¼ 1.19 mm (– – –). (c) Approximation of a
circular pinhole (radius R) with a square pinhole with a ¼ 2Rfa. fa was obtained by numerically calculating correlation curves for a circular pinhole and fitting
them with the correlation functions for a square pinhole (Eq. 22).
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Lateral detection proﬁles
If lateral diffusion is neglected, gxy¼ Aeff is a constant factor
taking into account the size of the detection area. This ap-
proach has been used in the literature (6,7,9–11).
A common approximation of the lateral detection profile is
a two-dimensional Gaussian (4,5):
Lðx; yÞ ¼ 2
pw
2
0
exp 2 x
21 y2
w
2
0
 
: (15)
In this case,
gxyðtÞ ¼ 1
pw
2
0
11
4Dt
w
2
0
 1
: (16)
For TIR-FCS this approach is only satisfactory for pinholes
much smaller than the Airy disk, but this case is accompanied
by a loss in molecular brightness. Also the effective axial
extension w0 is an empirical parameter and has to be deter-
mined with a calibration measurement. This is unfortunate,
since in TIR-FCS the parameters describing the lateral
detection profile (pinhole size and shape and numerical
aperture of the objective) are usually well known. Here we
propose a more accurate model, valid for a laterally homo-
geneous excitation profile and arbitrary pinhole sizes.
The detection profile is given by the image of the pinhole
in the sample space, convoluted with the point-spread func-
tion of the objective, which can be approximated by a
Gaussian of width s ¼ 0.21l/NA (15):
PSFðx  x0Þ ¼ 1ﬃﬃﬃﬃﬃﬃ
2p
p
s
exp ðx  x0Þ
2
2s
2
 
: (17)
Here we consider two different pinhole types—square-
shaped and circular ones. In charge-coupled-device-based
TIR-FCS the pixels of the camera work essentially as square
pinholes. But also pinholes of variable size are usually rectan-
gular. For a square pinhole of size a in the object plane, the de-
tection profile Lxy(x, y)¼ Lx(x)Lx(y) is described by (Fig. 3 a):
LxðxÞ ¼ 1
a
Z a
0
PSFðx  x0Þdx0
¼ 1
2a
erf
ða xÞﬃﬃﬃ
2
p
s
 
1 erf
xﬃﬃﬃ
2
p
s
  
: (18)
For a circular pinhole of radius R the radial profile is given by
LrðrÞ ¼ 1
4R
erf
ðR rÞﬃﬃﬃ
2
p
s
 
1 erf
R1 rﬃﬃﬃ
2
p
s
  
r
2 ¼ x21 y2: (19)
Lateral correlation functions
For the square pinhole, the correlation function can readily be
calculated, since the profile, as well as the concentration
correlation function, factorize as
fAA;xyðr; r9; tÞ ¼ fAA;xðx; x9; tÞfAA;xðy; y9; tÞ; (20)
fAA;xðx; x9; tÞ ¼
1ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4Dpt
p exp ðx  x9Þ
2
4Dt
 
; (21)
then
gxyðtÞ ¼ gxðtÞ2 (22)
and
Since the molecule detection function for the circular pinhole
(Eq. 19) does not factorize in the x and y part, an analytical
solution could not be found. The correlation functions have to
be calculated numerically. Here we propose a fast numerical
implementation, based on the Fourier transformation (16).
The correlation function can be written in terms of the Fourier
transforms of the profile L˜ðkx; kyÞ and the concentration
correlation function ~fAA;xyðkx; ky; tÞ:
gxyðtÞ ¼
Z Z
dxdy
Z Z
dx9dy9Lðx;yÞfAA;xyðx x9;y y9;tÞ
3Lðx9;y9Þ
¼
Z Z
dkxdkyjL˜ðkx;kyÞj2~fAA;xyðkx;ky;tÞ: (24)
The value ~fAA;xy can be evaluated directly with Eq. 9:
~fAA;xyðkx; ky; tÞ ¼ eDtðk
2
x1k
2
yÞ: (25)
The expression L˜ðkx; kyÞ can be calculated numerically from
L(x, y), for example by using the Fast Fourier transform. The
maximal x and y, as well as the grid size, should be chosen
with care to minimize computation times and maximize the
accuracy.
gxðtÞ ¼
Z N
N
dx
Z N
N
dx9LxðxÞfAA;xðx; x9; tÞLxðx9Þ
¼ 1
a
2
Z a
0
dx0
Z a
0
dx90
Z N
N
dx
Z N
N
dx9PSFðx  x0ÞfAA;xðx; x9; tÞPSFðx9 x90Þ
¼ 2
a
2 ﬃﬃﬃ
p
p
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
21Dt
p
exp  a
2
4ðs21DtÞ
 
 1
 
1
1
a
erf
a
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
s
21Dt
p
 
: (23)
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Another approach is to approximate the circular profile
with an effective square profile and to fit the curves with Eq.
23 (Fig. 3 b). This works reasonably well if an effective a ¼
2R fa(R/s) is used. The correction factor fa depends on the ratio
between the pinhole radius R in the object plane and width s
of the point-spread function and its dependence is shown in
Fig. 3 c. The resulting error in the diffusion coefficient is
,0.2% for any pinhole size, the error in the concentration is
,5%. However, the shapes of correlation functions for a
square pinhole and a corresponding circular pinhole are not
the same (Fig. 3 b). This deviation can lead to wrong pa-
rameter estimates if additional fit parameters are used; for
instance, if binding kinetics are considered.
3D-TIR-FCS
When surface binding/unbinding is present, the concentra-
tion correlation functions do not factorize any more into a
lateral and an axial part. Even an analytical solution for
the corresponding differential equations could only be found
in the one-dimensional limit neglecting lateral diffusion. But
those one-dimensional correlation functions differ enor-
mously from the correct three-dimensional ones, as can be
seen in Fig. 4 from the comparison with a simulated curve.
We found that for virtually all experimental conditions the
lateral diffusion cannot be neglected. Even for lateral di-
mensions a exceeding the axial decay length d 100-fold, the
fitting of a three-dimensional correlation curve with the one-
dimensional model results in an error of 15% in the diffusion
coefficient D in the case of free diffusion. For more typical
conditions, when a ¼ 10d (a ¼ 20d, a ¼ 30d), the error in D
is 150% (70%, 50%). If binding kinetics are considered, the
additional fit parameters, combined with the difference in
shape between one- and three-dimensional correlation func-
tions, will lead to even higher errors. The reason for this
strong effect is the fact that the one-dimensional correlation
functions fall off only extremely slowly with large lag times.
Lateral diffusion provides an additional route for the particles
to escape and thus depresses this long tail.
Here we propose a semiempirical, but accurate extension
of the axial correlation functions to three dimensions to in-
clude lateral diffusion. The extensions are based on the so-
lution for free diffusion (Eq. 12) and verified by simulations.
As in the one-dimensional case (Eq. 7), the correlation
function for binding has contributions from free fluorophores
in solution, surface-bound fluorophores, and from the cross-
correlation between free and surface-bound fluorophores:
gAAðtÞ ¼ gAA;zðtÞgxyðt;DAÞ; (26)
gACðtÞ ¼ gAC;zðtÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gxyðt;DAÞ
p ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
gxyðt;DCÞ
p
; (27)
gCCðtÞ ¼ gCC;zðtÞgxyðt;DCÞ; (28)
gðtÞ ¼ hAA gAAðtÞ1 2gACðtÞ1 gCCðtÞð Þ: (29)
DA andDC are the diffusion coefficients for free fluorophores
in solution and surface-bound fluorophores, respectively, and
gxy(t;D) denotes that the diffusion coefficient D is used in
the corresponding lateral correlation function. Note that the
axial correlation functions still depend on the concentrations
A and C as well as the molecular brightnesses hA and hC
(Eqs. 50–52). The semiempirical extension presented here
approaches the analytical solution (Eq. 12) in the limit of free
diffusion and perfectly matches the simulated correlation
curves within the accuracy of the simulation (Fig. 4).
To calculate the normalized correlation function G(t), the
total average intensity has to be evaluated with Eq. 3. Then
GðtÞ ¼ gðtÞ
ÆFtotæ
2; (30)
ÆFtotæ ¼ FA1FC ¼
Z
dxdyLðx; yÞ
 
3 hAA
Z
dzWðzÞ1hCCWð0Þ
 
: (31)
Note that hA and hC can be different: First, surface-bound
fluorophores can have a preferred orientation. This leads to
photoselection in the excitation and a change in the emission
profile. Second, the micro environment can influence the
quantum yields and spectra and therefore the molecular
brightness of surface-bound fluorophores.
Supercritical detection in
objective-based TIR-FCS
Fluorophores close to a water-glass interface can couple their
emission directly into the glass. This surface-generated fluo-
rescence is emitted into supercritical angles. In objective-
FIGURE 4 Simulated correlation curve (s), three-dimensional correlation
function including lateral diffusion (—) and axial correlation function (– – –).
For details, see Appendix. Parameters: DA ¼ 50 mm2/s, DC ¼ 2 mm2/s, ka ¼
53 106 M1 s1, kd¼ 50 s1, A¼ 50 nM, S¼ 200mm2, and d¼ 0.07mm,
square pinhole with a ¼ 0.7 mm and s ¼ 0.1 mm. Box for Simulation: 103
103 5 mm3. 109 steps of 1 ms. (Inset) Magnification of GAC(t).
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based TIR-FCS high-NA objectives are used which collect a
significant portion of the supercritical fluorescence. This
leads to a further axial confinement of the detection volume.
Axial proﬁle
For objective-based TIR-FCS the axial profile W(z) ¼ S(z)
exp(kz) of the molecule detection function is a product
of the exponential excitation profile with the collection
efficiency function S(z), which takes into account surface-
generated fluorescence. Surface-generated fluorescence emitted
into supercritical angles leads to a stronger multiexponen-
tial confinement. It is useful to consider under- and super-
critical detection separately:
WðzÞ ¼ WuðzÞ1WsðzÞ: (32)
Expressions forWu(z) andWs(z) are derived in the Appendix
for randomly oriented molecules. For the case of oriented
molecules, see Ries et al. (17). We find for the undercritical
part:
WuðzÞ ¼ ekz
Z wb
wa
fuðw1Þdw1
fuðw1Þ ¼ cp
2w1w2
3l
3
1
ðw11w2Þ2
1
n21n
2
2
n
2
1w21 n
2
2w1
 2
 !
: (33)
Here, w2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
l2w21  n211n22
p
=l; wa ¼ 0; wb ¼ n1=l and
l ¼ l=2p:
The supercritical axial detection profile is
WsðzÞ ¼
Z w˜b
w˜a
dw˜1fsðw˜1Þeðk1 2w˜1Þz
fsðw˜1Þ ¼ cp
2 n211 n
2
2
 
w˜1w˜2 n
2
2w˜
2
11 n
2
1w˜
2
2
 
3l
3
w˜
2
11 w˜
2
2
 
w˜
2
2n
4
11 n
4
2w˜
2
1
  : (34)
Here, w˜2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n22  n21  l2w˜21
p
=l; w˜a ¼ 0; and w˜b ¼ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NA2  n21
q
=l:
Axial detection profiles with and without supercritical
detection are shown in Fig. 5 a. As can be seen, surface en-
hanced fluorescence leads to a faster decay of the axial pro-
file. The detection profile derived in this section can be used
to calculate axial correlation functions for TIR-FCS taking
into account surface-generated emission.
Correlation function
Here we derive only the axial correlation function; lateral
diffusion can be included as described above. As before, we
consider the contributions from the fluorophores in solution,
the membrane-bound fluorophores and the cross-correlation
term separately. For the free fluorophores we find
gAA;zðtÞ ¼
Z N
0
dz
Z N
0
dz9WðzÞfAA;zðz; z9; tÞWðz9Þ
¼
Z N
0
dz
Z N
0
dz9WuðzÞfAA;zðz; z9; tÞWuðz9Þ
1 2
Z N
0
dz
Z N
0
dz9WuðzÞfAA;zðz; z9; tÞWsðz9Þ
1
Z N
0
dz
Z N
0
dz9WsðzÞfAA;zðz; z9; tÞWsðz9Þ
¼ guuAA;z1 2gusAA;z1 gssAA;z; (35)
The expression g˜AAðt; k; k9Þ is the TIR-correlation function
generalized for different decay parameters k 6¼ k9 and de-
fined as
g˜AAðt; k; k9Þ ¼
Z N
0
dz
Z N
0
dz9ekzfAA;zðz; z9; tÞek9z9: (37)
For concentration correlation functions which lead to ana-
lytical correlation functions for the usual TIR-profile (k ¼
k9), usually also analytical solutions for g˜AAðt; k; k9Þ can be
found. The further integration over w1 and w˜1; respectively,
can usually not be performed in a closed form, but the
integrals are well behaved and can be solved efficiently
numerically. In case of pure diffusion
g˜AAðt; k; k9Þ ¼ kwði
ﬃﬃﬃﬃﬃﬃ
Dt
p
k9Þ  k9wði ﬃﬃﬃﬃﬃﬃDtp kÞ
k
2  k92 : (38)
For the cross-correlation term between surface-bound and
free fluorophores we find
gAC;zðtÞ ¼
Z N
0
dzðWuðzÞ1WsðzÞÞfAC;zðz; tÞ
¼
Z w˜b
w˜a
dw˜1fsðw˜1Þg˜ACðt; k1 2w˜1Þ
1
Z wb
wa
dwfuðwÞ
 
g˜ACðt; kÞ (39)
with the usual TIR correlation function
g
uu
AA;z ¼
Z wb
wa
fuðw1Þdw1
 2
g˜AAðt; k; kÞ
g
us
AA;z ¼
Z wb
wa
fuðw1Þdw1
 Z w˜b
w˜a
dw˜1fsðw˜1Þg˜AAðt; k; k1 2w˜1Þ
gssAA;z ¼
Z w˜b
w˜a
dw˜1
Z w˜b
w˜a
dw˜91 fsðw˜1Þfsðw˜91Þg˜AAðt; k1 2w˜1; k1 2w˜91Þ: (36)
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g˜ACðt; kÞ ¼
Z N
0
dze
kz
fAC;zðz; tÞ: (40)
The membrane term is hardly affected, only the enhanced
brightness has to be taken into account,
gCC;zðtÞ ¼ Wð0ÞfCC;zðtÞ; (41)
with
Wð0Þ ¼ Wuð0Þ1Wsð0Þ ¼
Z wb
wa
fuðw1Þdw11
Z w˜b
w˜a
fsðw˜1Þdw˜1:
(42)
The mean intensity needed for normalization is (compare
Eqs. 31, 42, 57, and 61):
ÆFtotæ ¼
Z
dxdyLðx; yÞ
 
ðhAAðFs1FuÞ1hCCWð0ÞÞ:
(43)
As can be seen in Fig. 5 b, the additional confinement of
surface-generated fluorescence leads to an enlarged ampli-
tude and faster decay of the correlation function. However,
the correlation curve calculated with the full model can be
well approximated with the simple TIR-model, if an effective
decay length deff is chosen. For the parameters used in Fig. 5,
we find an almost linear relationship between the TIR-decay
length d and the effective decay length deff (Fig. 5 c) with
deff ¼ 0:767d1 0:0068mm: (44)
Only for large d and if special accuracy is needed, the full
model should be applied.
CONCLUSION
Models for correlation functions used so far in TIR-FCS
usually neglect lateral diffusion or include it in a rather ap-
proximate way. We investigated the effect of lateral diffusion
in TIR-FCS and found that it significantly influences the cor-
relation functions even for pinhole sizes in the object plane
much larger than the axial decay length. This seems sur-
prising at first, but can be fully explained by the slow decay of
correlation functions describing one-dimensional diffusion.
Therefore, for virtually any experimental condition, lateral
diffusion should be taken into account. This can be done with
the refined correlation functions presented here. They are
exact if binding dynamics can be neglected. In the presence
of binding/unbinding dynamics, they are still very accurate,
as is demonstrated by a comparison with a simulated corre-
lation curve. We propose lateral correlation functions valid
for a square or a circular pinhole of any size which should be
used in TIR-FCS instead of the approximate Gaussian model.
In objective-based TIR-FCS, the presence of surface-
generated fluorescence leads to a further axial confinement of
the detection volume. We present an exact model taking this
effect into account and show that for most experimental
conditions, the much simpler TIR-model, albeit with an ef-
fective decay length, can be used.
In our approach, the correlation functions are described
fully by well-determined parameters determining the geom-
etry of the detection volume, and no empirical parameters
have to be added. This has the advantage that no calibration
measurements are required. In the case where the exact TIR-
angle is not known, it can be determined accurately by a
calibration measurement.
In conclusion, the correlation functions presented in this
work are accurate for most experimental conditions and will
enable quantitative and accurate measurements with TIR-FCS.
APPENDIX
Axial correlation functions for TIR-FCS
The concentration correlation functions presented here describing binding
dynamics and axial diffusion are taken from Starr and Thompson (10)
FIGURE 5 (a) Axial detection profiles for TIR-FCS including surface-generated fluorescence (—), exponential TIR-model (– – –) and exponential TIR-
model with an effective decay length deff from Eq. 44 (–  –). (Inset) Polar plot of the emission profile for a fluorophore at z¼ 0. (b) Axial correlation functions.
dG(t) describes the deviation of the effective TIR-model from the full model. (c) Effective decay length deff to use the exponential axial model. Parameters:
NA ¼ 1.45, d ¼ 0.1 mm, D ¼ 400 mm2/s, and l ¼ 0.488 mm.
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fCC;zðtÞ ¼
hCC
hAA
b
R
1=2
1  R1=22
R
1=2
1 w iðR2tÞ1=2
h in
R1=22 w iðR1tÞ1=2
h io
; (45)
fAC;zðz; tÞ ¼ fCA;zðz; tÞ ¼
hCC
hAA
kd
D1=2 R1=21  R1=22
  ez2=4Dt
3 w
iz
ð4DtÞ1=2  iðR1tÞ
1=2
" #(
w izð4DtÞ1=2  iðR2tÞ
1=2
" #)
: (46)
Here
R
1=2
3;4 ¼ R1=21;2 1R1=2e
R
1=2
1;2 ¼ 
Rr
2R
1=2
t
6
R
2
r
4Rt
 Rr
 1=2
; (48)
with
Rr ¼ kaA1 kd; Rt ¼ D A
bC
 2
; Re ¼ D
d
2: (49)
The corresponding nonnormalized correlation functions can be calculated
with Eq. 5 and an exponential profileW(z)¼ exp(– z/d). For details see (10):
gCC;zðtÞ ¼ hCC
hAA
b R
1=2
1 w iðtR2Þ1=2
h i
 R1=22 w iðtR1Þ1=2
h i 
R
1=2
1  R1=22
;
(50)
Axial proﬁle for objective-based TIR-FCS
The axial profileW(z)¼ S(z) exp(kz) of the molecule detection function in
TIR is a product of the exponential excitation profile with the collection
efficiency function S(z) which takes into account supercritical emission.
Surface-generated fluorescence into supercritical angles leads to a further
multiexponential confinement, whereas for undercritical angles there is no
further axial confinement. Therefore it is useful to consider under- and
supercritical detection separately: S(z) ¼ Su 1 Ss(z). Note that the under-
critical part Su is independent of z.
The derivation of S(z) follows Enderlein et al. (18). There the Weyl
representation of an oscillating dipole is used to calculate its emission profile
close to a dielectric surface. The wave vector of the incident light is k1¼ (q6
w1). Equation 20 in Enderlein et al. (18), which describes the emission profile
of a fluorophore at a distance z0 from the interface, can then be written for
undercritical angles as
d2Su ¼ cw
2
2
8pw
2
1l
4 jTpkˆp1  pj21 jTskˆs  pj2
 
dV2; (53)
where c is the speed of light, l ¼ l=2p the reduced wavelength, n1 and n2
are the refractive indices above and below the phase boundary, w2 ¼
ðn22=l2  q2Þ1=2 ¼ ðl2w21  n211n22Þ1=2=l; and kˆp1 and kˆs are unit vectors
defined in Enderlein et al. (18). Tp and Ts are the transmission coefficients for
plane p and s waves:
Tp ¼ 2n1n2w1
w1e21w2e1
; Ts ¼ 2w1
w11w2
: (54)
Here we consider the case of randomly oriented molecules in solution. In this
case, Æjkˆp1  pj2ææ ¼ Æjkˆs  pj2æ ¼ p2=3 and the emission profile becomes
rotationally symmetric. Using dV2 ¼ ld2q
n2w2
(Eq. 22 in (18)) the integration
over the detection angle can be substituted by an integration over q and one
integration can be carried out: d2q ¼ 2pqdq ¼ 2pq dq
dw1
dw1 ¼ 2pw1dw1
since q ¼ ðn21=l2  w21Þ1=2: Then
fAA;zðz; z9; tÞ ¼
1
ð4pDtÞ1=2 e
ðzz9Þ
2
4Dt 1 e
ðz1z9Þ2
4Dt
 
 hCC
hAA
kd
D R
1=2
1  R1=22
  eðz1z9Þ24Dt 3 R1=21 w iðz1 z9Þð4DtÞ1=2  iðR1tÞ
1=2
" #(
R1=22 w
iðz1 z9Þ
ð4DtÞ1=2  iðR2tÞ
1=2
" #)
: (47)
gAC;zðtÞ ¼ hCCkd
hAA
R1=24 w iðtR1Þ1=2
h i
 R1=23 w iðtR2Þ1=2
h i
1 R1=21  R1=22
 
w iðtReÞ1=2
h i
R
1=2
1  R1=22
 
ðR3R4Þ1=2
; (51)
gAA;zðtÞ ¼ d tRe
p
 1=2
1
2
dð2tRe  1Þw iðtReÞ1=2
h i
 hCC
hAA
kd
R1=21  R1=22
 
3
R
1=2
1
R3
w iðtR1Þ1=2
h i
1 ð2tðR1ReÞ1=21 2tRe  1Þw iðtReÞ1=2
h i
 2 tR3
p
 1=2 !(
R
1=2
2
R4
w i=ðtR2Þ1=2
h i
1 ð2tðR2ReÞ1=21 2tRe  1Þw iðtReÞ1=2
h i
 2 tR4
p
 1=2 !)
: (52)
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Su ¼
Z wb
wa
fuðw1Þdw1; (55)
fuðw1Þ ¼ cp
2
w1w2
3l
3
1
ðw11w2Þ2
1
n
2
1n
2
2
n
2
1w21 n
2
2w1
 2
 !
;
wa ¼ 0 and wb ¼ n1=l:
(56)
The integrated undercritical axial profile is
Fu ¼
Z N
0
dzWuðzÞ ¼ 1
k
Z wb
wa
dw1fuðw1Þ: (57)
For supercritical emission w1 in Eq. 20 in Enderlein et al. (18) is imaginary,
so here it is substituted by the real and positive w˜1: w1 ¼ iw˜1:
d
2
Ss ¼ cw
2
2
8pw˜
2
1l
4 jTpkˆp1  pj21 jTskˆs  pj2
 
expð2w˜1z0ÞdV2:
(58)
Now
jTpj2 ¼ 4n
2
1n
2
2w˜
2
1
w22n
4
11 w˜
2
1n
4
2
; jTsj2 ¼ 4w˜
2
1
w˜211w
2
2
: (59)
Using substitutions as above, we arrive at
SsðzÞ ¼
Z w˜b
w˜a
dw˜1fsðw˜1Þexpð2w˜1z0Þ
fsðw˜1Þ ¼ cp
2
n
2
11 n
2
2
 
w˜1w˜2 n
2
2w˜
2
11 n
2
1w˜
2
2
 
3l
3
w˜
2
11 w˜
2
2
 
w˜
2
2n
4
11 n
4
2w˜
2
1
  : (60)
Here, w˜2 ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
n22  n21  l2w˜21
p
=l; w˜a ¼ 0; and w˜b ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
NA2  n21
q
=l:
The integrated supercritical axial profile is
Fs ¼
Z N
0
dzWsðzÞ ¼
Z w˜b
w˜a
dw˜1
fsðw˜1Þ
k1 2w˜1
: (61)
Since the factor cp2=l3 in Eqs. 56 and 61 cancels out when calculating the
normalized correlation function, it does not need to be further specified.
Simulations
The following Monte Carlo procedure was used to simulate TIR-FCS
experiments. Numerical simulations for an ensemble of pointlike noninter-
acting particles were carried out in a rectangular box much larger than the
detection volume for a set of discrete time instants tn¼ nDt, n¼ 1. . .N. Every
time step, an ith freely diffusing particle acquired random displacements dxi,
dyi, and dzi, which were drawn from the Normal distribution with the
variance 2DADt. Bound particles acquired displacements dxk, dyk only in the
x,y plane, drawn from the Normal distribution with the variance 2DCDt.
Reflective boundary conditions were applied on all boundaries of the
simulation box. Binding and unbinding dynamics were accounted for in
the following way: At each time step, free particles located in the vicinity of
the z¼ 0 plane within a layer of the thickness dat 
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
2DADt
p
were converted
into bound particles with a probability kaBDt/dat, upon which they executed
two-dimensional random walks in the z ¼ 0 plane until the unbinding event.
The value B is the mean concentration of free binding sites. In a similar way,
at each time step, bound particles were converted into freely diffusing
particles with the probability kdDt, upon which they were placed above the
z ¼ 0 plane at a random z position uniformly distributed in the interval
(0, dat). The molecule detection function V(r) was taken into account to
generate fluorescence intensities due to free and bound particles FAðtnÞ ¼
+
i
VðriÞ and FCðtnÞ ¼ +kVðrkÞ: Photon counting statistics was not included
in the computed time-dependent intensity traces. Autocorrelation curves for
free and bound particles as well as their cross-correlation curve were
calculated from the intensity traces using a multiple tau algorithm.
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